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Abstract
In this paper we study the diffusely observed occurrence of Fractality and
Self-organized Criticality in mechanical systems. We analytically show, based
on a prototypical compressed tensegrity structure, that these phenomena can
be viewed as the result of the contemporary attainment of mass minimization
and global stability in elastic systems.
Keywords: Global stability, Mass optimization, Fractal dimension,
Self-organized Criticality (SOC), Tensegrities
Introduction
In recent years the experimental evidence of fractal systems has increas-
ingly interested many technological and theoretical fields of research [11].
Nowadays, Fractality is recognized as a paradigm of material and structure
morphological optimization. Indeed, through billions years evolution, na-
ture developed complex, hierarchical multiscale structures delivering perfor-
mances unreached by human technologies [8]. Typical examples of natural
hierarchical systems are represented by spider silks [5], geckoes pads [15], and
keratin materials that attain their incredible properties based on the creation
of multiscale structure morphologies, often characterized by self-similarity [7].
The study of the physical mechanisms underlying the diffuse experimental
observation of fractal systems is important understanding fundamental fea-
tures of many nature and biological phenomena and is also crucial for the
design of new efficient bioinspired materials and structures.
In this paper, we are interested in an explicit theoretical understanding
of why nature shapes materials and structures in self-similar systems. In
Preprint submitted to Elsevier October 6, 2018
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a previous paper [3], we analyzed the possibility of mass optimization of a
compressed bar, by a T-bar tensegrity (see Fig.1) with increasing complexity.
Differently from the present paper, there we considered only a partial substi-
tution of the compressed bars with self-similar T-bars. Here we extend this
approach, by analyzing a full substitution of all struts and find that in the
limit of increasing slenderness or decreasing load, the structure approaches
a fractal type structure. Such kind of scaling relations, leading to a simul-
taneous buckling at all scales of a hierarchical structure, have been observed
and analytically studied in different contexts, such as gecko pads adhering
systems studied in [15].
To this end we adopt a very simple prototypical, tensegrity type device,
aimed at the transmission of compression loads. As we analytically show the
requirements of both mass optimization and global stability deliver a frac-
tal like morphology characterized by power laws behavior. More precisely,
starting from the elementary Euler column, we deduce that geometrical com-
plexification by means of self-similar tensegrity structures favors the mass
minimization whence the global stability condition is imposed. As a result
the limit structure exhibits fractal dimension, power law behavior, and a con-
temporary attainment of critical states at all involved scales. The analytical
evidence of the proposed results clarifies that mass minimization and global
stability may be fundamental mechanisms for interpreting the observation of
scale-free geometries in many mechanical systems.
Our prototypical scheme is based on the concept of tensegrity, first intro-
duced by Snelson and afterwards by Fuller [10], [12]. These structures consist
of compressed members (struts) connected by tensile cables [2]. Their main
characteristics are lightness and developability, making them a promising sys-
tem both in Civil [17] and Aerospace [6] Engineering. Also tensegrities have
been recognized as a diffusely adopted way to transmit and control forces in
biological systems (see e.g. cell cytoskeleton [7, 21]).The counterpart of the
lightness property of these structures is the onset of instability effects both
at the single struts and global scales (see [13], [20] and [1]).
The paper is organized as follows. In Section 1 we outline the main results
of the paper based on some simplifying assumptions. More detailed analytical
treatment is presented the subsequent sections where some of the simplifying
assumptions are removed. In particular we show how the optimal complexity
linearly depends on the logarithm of the (non-dimensional) assigned load.
Similarly we obtain a log-log relation between the optimal mass and the
assigned load. Based on these results, we investigate the fractal character
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in the limit of decreasing load (or increasing slenderness of the compressed
structure) and analytically obtain that the limit D of the structure dimension
is not integer. In particular we analytically study the dependence of D on
geometrical and constitutive parameters. Of course, as usual in the context
of fractal systems this (‘infinite’) mass optimization and refinement, leading
to a lower fractal dimension, is ideal, but clarifies why so many systems in
nature exhibit self-similar character. The readers interested in the only main
physical results can focus only on this section.
The mathematical details of our results are contained in the subsequent
sections. Specifically, in Section 2 we determine the optimal mass of the
tensegrity, at the generic complexity, by only considering the local stability
condition. We study the positive definiteness of the total potential energy
of the system and we obtain that the optimal mass condition together with
the constraint of global stability delivers the contemporary attainment of
instability at all the scales. In Section 3 we discuss the optimality condition
for assigned load, geometric and material parameters. Then we focus on the
analysis of the power laws and fractal limit system obtained for vanishing
load. We employ the well known technique of box counting [9] to estimate the
dimension of the region occupied by the optimal tensegrity. In the Appendix
we give all analytical details regarding the important global stability effect
(often neglected in the literature of tensegrity systems).
1. Main results: optimality of fractal tensegrities
We search for an optimal mass structure carrying a given compressive
load P by comparing the classical ‘continuum’ column choice with self-similar
tensegrity type structures. The main novelty of our approach is the explicit
solution (differently from many approaches in the literature: see [16]) of the
global stability problem for a class of self-similar structures. The importance
of global stability, especially in the analysis of optimal complexity and mass
minimization approaches, has been recently pointed out in [3]. A global sta-
bility analysis approach had then be considered in the more recent paper
[18]. Here, we extend the results in [3] by considering more general complex-
ification of the tensegrity structure and by determining analytical results on
the fundamental case of fractal limit systems.
Beside imposing global stability whose analysis is detailed in the Ap-
pendix, we also assume that the internal axial forces N , T satisfy the opti-
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mality design conditions{
N = min {NE, σyA} for struts,
T = σyA for cables,
(1)
where NE is the critical Eulerian axial force, σy is the limit value for the axial
stress and A is the cross section area of the members. Here for simplicity we
consider a material with the same limit traction and compressive stress, but
the model can be easily generalized.
To obtain explicit analytic results we focus on the class of plane tenseg-
rities represented in Fig. 1, with arbitrary complexity, fixed total length
L, under a given compressive load P . Numerical extensions to the three-
dimensional case has been recently proposed in [4].
1.1. Single compressed bar
Consider first a single bar (see Fig. 1a) with cross section of area A
and axial area moment J = A
2
ξ2pi2
(here ξ is a geometrical non dimensional
parameter depending on the cross section shape, e.g. ξ2 = 4
pi
in the case of
circular section).
Observe that, given a compression load P , the optimal mass is the max-
imum between the mass my corresponding to the material failure and the
mass mb corresponding to Eulerian buckling, namely
my(L, P ) = ρ
P
Eεy
L,
mb(L, P ) = ρ ξ L
2
√
P
E
,
(2)
where ρ is the mass density, E is the Young modulus and y =
σy
E
is the limit
strain (e.g. y v 10−3 for steel).
In the case my > mb the result is trivial, because, as we will show, the
optimal mass is attained by the single column. Thus we assume that the
failure is attained due to buckling (mb ≥ my) and this implies
√
P ≤ ξ L
√
E εy. (3)
Let us denote by
χ = χ(L, P ) =
1
ξ Lεy
√
P
E
(4)
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c) order two tensegrity
Figure 1: Scheme of the self-similar tensegrity column.
the ratio between the Eulerian critical load P and the compressive failure
load σy A of this column. Thus (3) corresponds to χ ≤ 1. We anticipate that
χ is the main non-dimensional parameter governing the optimal complexity
problem studied in this paper.
1.2. Tensegrity columns with increasing complexity
Let us consider the possibility of replacing a single column by a self-
similar tensegrity supporting the same load P at the same distance L with
lower mass. Specifically we consider the class of plane tensegrities represented
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in Fig. 1, with all possible complexities. Here we extend the analysis in [3]
where the authors considered the possibility of substituting the only horizon-
tal struts with tensegrities. Of course the special choice of planar tensegrity
in Fig.1 is related to our aim of attaining analytical results keeping as clear
as possible the physical meaning of our results and in particular on the re-
lation between self similarity, stability and mass minimization, fundamental
both in many physical problems and in the field of new materials design.
To the knowledge of the authors, there exists no general theory regarding
such connections, and that no rigorous (analytical, variational) deduction of
fractal mass minimizer are available. In this regards we refer to the recent
paper [4].
We begin by a tensegrity consisting, in the terminology of [16], in a T-bar
(see Fig. 1b) characterized by the same length L. All struts are assumed
hinged and have the same shape of the cross-section (fixed ξ) of the zero
order column and the same material parameters E and σy. Here we measure
the prestress by
β =
N1
P
> 1, (5)
where N1 is the compressive force in the two horizontal struts of length L/2.
For assigned prestress the other compression and tension internal forces can
be easily deduced by equilibrium considerations.
The higher order tensegrities are obtained by substituting all struts by
self-similar structures. In the structure of order two we assume that the
horizontal struts of length L/4 carry an axial force N2 = β
2P . Finally at
the complexity n the horizontal struts of length L/2n undergo a compressive
force
Nn = β
nP. (6)
In the Appendix we prove that the stiffness tangent matrix is positive
definite if and only if β > β̂, where
β̂ :=
εy + tan
2 α
tan2 α (1− εy) . (7)
In Section 3 we show that the optimal mass condition (see (87)), under the
global stability constraint, leads to the contemporary attainment of buckling
at all the scales. Such condition is reached when β = β̂, corresponding to
semi-definite positiveness of the tangent stiffness matrix. This represents one
6
of the main results of this paper.
It is worth noticing that even if, for the sake of simplicity in this paper
we have considered a unique parameter β governing the prestress, in [3]
the authors showed that a scale invariant prestress can be deduced by mass
minimization and stability results.
Roughly speaking (see Section 2.2), refinement (increasing complexity)
leads to mass optimization until material failure is attained (indeed, in view
of Eq. (6), normal forces increase with the complexity n). In this section,
to focus on the main physical results of the paper we assume that under
refinement the material failure is first attained in the struts of the load hor-
izontal axis. This situation is attained when the condition (47), regulated
by geometrical and constitutive parameters, is fulfilled. The alternative case
in which material failure is first attained in smallest struts will be anyway
considered in the following sections.
Under this hypothesis, the optimal mass is obtained by simply compar-
ing at each complexity order n the buckling and resistance mass of the 2n
horizontal struts of length L/2n under the load β̂nP . Explicitly we have
my(L/2
n, β̂nP ) = ρ β̂
nP
σy
L
2n
,
mb(L/2
n, β̂nP ) = ρ ξ ( L
2n
)2
√
β̂nP
E
.
(8)
Hence at the complexity n, the condition (3) becomes
χ ≤
(
2
√
β̂
)−n
. (9)
Observe that in Section 2.2 it will be shown that, when the condition (47) is
not assumed, that (9) admits the following generalization
χ ≤
2
√
β̂
q
−n , (10)
where
q = min{q¯, 1}, (11)
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with
q¯ =
√
β̂ tanα
β̂ − 1
. (12)
The inequality (10) can be rephrased as
n ≤ cf :=
log
(
1
χ
)
log
(2√β̂
q
) , (13)
so that (13) determines the values n ∈ N of the complexity for which the
failure in all struts is due to buckling.
Under the condition (13), in Sect 2.2 we obtain that the optimal mass,
for any natural n, can be expressed as follows
Mn = M
s
n +M
b
n = mb(L, P )p
n +ms(L, P ) (t
n − 1) , (14)
where
p =
√
β̂ +
√
(β̂ − 1) tan5 α
2
(15)
and
t = (β̂ − 1) tanα2 + β̂ > 1. (16)
By using (14)-(16) we get that if the following inequalities are fulfilled:
p < 1
n < cb :=
logχ− log
(
t(1− p)
p(t− 1)
)
log
(p
t
) (17)
then the following monotonicity condition holds true
Mn −Mn−1 < 0. (18)
In order to detect the optimal complexity n̂ we have to compare the inequal-
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ities (13) and (17). To this aim we observe that
cb
cf
=
log 2
√
β̂
log t
p
(
1 +
log t(1−p)
p(t−1)
logχ
)
, (19)
and, in the limit of vanishing χ of interest in this paper, we have
lim
χ→0
cb
cf
=
log 2
√
β̂
log t
p
> 1. (20)
Thus cb > cf definitively as χ → 0 and the optimal complexity n̂ is greater
or equal than cf . Moreover, by (13) it is easy to recognize that
cf →∞ as χ→ 0 ⇒ n̂→∞. (21)
In the following, to obtain explicit solutions, we will fix n̂ = cf . In this
regards we point out that the mass (14) evaluated at n̂ = cf represents an
upper bound for the exact optimal mass. In view of (13) we note that the
complexity grows as the (non-dimensional) load χ decreases
nˆ = − 2 logχ
log(4β̂
q
)
. (22)
Figure 2: Logarithmic dependence of the complexity from the non-dimensional load χ.
The logarithmic dependence of the complexity is represented in Fig. 2
9
showing how the complexity grows as the load is decreased. Observe also
that the optimal complexity grows as the limit strain  decreases and the
angle α increases.
To describe the power law relation between the optimal mass and the
dimensionless load χ, we introduce the dimensionless mass mn :=
Mn
ρξ2L3ε
,
whose optimal value m̂, by (14), (22) takes the form (see Section 2.2, Eqs.
(41) and (48))
m̂ = χ pcf (χ) + χ2
(
tcf (χ) − 1) . (23)
The logarithmic law in Fig.3 shows the self-similar scale-independent behavior
of the optimal system.
Observe that a linear dependence of the logarithms is attained for small
values of the dimensionless load. Indeed, we may rewrite (23) as
m̂ = χ pcf (χ)(1 + o(χ)), (24)
assuming
q t
2p
√
β
< 1. (25)
One can verify (see Fig.6) that the last inequality holds true except in the
very special case q¯ = 1 (see (12)). As a result, as χ→ 0 we obtain
log m̂ =
1− 2 log p
log 4β̂
q2
 logχ. (26)
This equation delivers the analytical value of the critical exponent as a func-
tion of the parameters α and .
The optimal mass tensegrity corresponds to a contemporary attainment
of instability at all scales.
This could suggest, regarding a more general dynamical setting, a pos-
sible analogy to the frequent occurrence of contemporary instabilities at all
scales observed in physical phenomena as in the framework of Self Organized
Criticality [19].
Remark. To evidence the significant mass reduction of the tensegrity here proposed with
respect to a single bar, we consider the following non-dimensional efficiency parameter
µn =
Mn
mb
, (27)
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Figure 3: log-log relation between the optimal mass and the non-dimensional load χ.
representing the ratio between the tensegrity mass and the mass of the optimal single
column supporting the same load. The optimal value µ̂ of µ is attained at the complexity
cf , hence
µ̂ = pcf (χ) + χ
(
tcf (χ) − 1
)
. (28)
The log-log relation between the mass ratio µ̂ and the non dimensional load χ is represented
in Fig.4. Observe that the efficiency grows as χ decreases. Moreover the mass gain can be
increased also by increasing the angle α and decreasing the limit strain . Once again an
exact linear dependence of the logarithms is attained in the limit of vanishing load χ with
log µ̂ = −2
(
log p
log 4β̂
)
logχ. (29)
1.3. Tensegrity columns with infinite complexity and fractal limit dimension
Now we study the remarkable limit case of χ → 0 (or analogously P →
0 or L → ∞) corresponding, according with (21), to optimal mass limit
systems with infinite self-similar refinement. In the following we show that
the dimension of the region occupied by the optimal tensegrity tends to a
fractal limit D < 3.
More precisely, according to [9] (Section 3.1), the box-counting dimension
of any subset Ω ⊂ R3 is defined as
dimB Ω = lim
δ→0
log(N(δ))
− log(δ) , (30)
where N(δ) is the number of elements in the smallest set of cubes of (non-
dimensional) side δ that covers the region Ω. Let Ωn̂ be the region occupied
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Figure 4: log-log relation between the optimal mass ratio µ¯ and the non-dimensional load
χ.
by the tensegrity of complexity n̂, we will show that
D := lim
n̂→∞
dimB Ωn̂ < 3. (31)
More precisely, in Section 3, considering that at any order of complex-
ity all the members are slender cylinders (i.e. the diameters of their cross
sections are always much smaller than their lengths) we prove
0.0 0.2 0.4 0.6 0.8 1.0
2.0
2.2
2.4
2.6
2.8
3.0
tan Α
D Ε=0.01
Ε=0.001
Ε=10-6
t0HΕL<tanΑ£1
Figure 5: Limit of the tensegrity dimension as a function of the limit strain ε and of the
angle α.
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D =
log
(
2(1 + q¯
tan3 α
)
(
q¯
q
)3η−1)
log
(
2
tanα
(
q¯
q
)η) , (32)
where
η =
{
1 if q¯ ≥ 1
1
2
if q¯ < 1.
(33)
In Fig. 5 we represent the dependence of the limit dimension from the two
parameters  and α. Notice that D is decreasing with respect to ε and one
can check that D is bounded below in the range here considered (t0(ε) ≤
tanα ≤ 1).
The possibility of evaluating analytically the critical index of the power
laws (the fractal type limit system and its dependence from both geometrical
and constitutive parameters) is crucial in the perspective of determining the
optimum mass properties of light structures and it represents in our opin-
ion a fundamental step in the perspective of interpreting the observation of
many hierarchical structures observed in mechanobiology. In particular, we
recall that one of the main successful models in cell mechanics is based on
the tensegrity concept and also in this case hierarchical morphologies are
observed (see e.g [7] and references therein).
2. Local stability
In this Section we deduce the properties on the minimum mass tensegri-
ties based on the only local stability analysis. The study of global stability
in Section 3.2 will then determine the optimal mass structures. We begin
by considering the tensegrity of complexity n = 1 and then we extend the
analysis to the cases of tensegrities with increasing complexity represented
in Fig.1. Notice that the analysis of the single column and of the complexity
n = 1 is analogous to the one in [3]. We report it for readers convenience.
The analysis of higher complexities is instead different due to the choice of
substitution of all struts as compared with the previous work.
2.1. Order 1 tensegrity column
To extend to higher complexity, each member and each internal force is
identified by two indexes whose meaning will be explained in the following
subsection. The structure of complexity n = 1 is constituted by
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– two horizontal struts of length l1,1 =
L
2
, carrying the compressive force
N1,1 = βP , where β is the prestress parameter introduced in (5);
– four prestressed cables of length s1,0 =
1
2 cosα
L. By equilibrium considera-
tions we find that the traction in the four cables is T1,0 =
(β−1)
(2 cosα)
P ;
– two vertical struts of length l1,0 =
L tanα
2
, carryng the compressive force
N1,0 = (β − 1)P tanα, where α is the angle between the cables and the
horizontal struts.
The optimal mass of a generic strut with length l = aL, carrying an
axial force N = bP , is obtained by considering both the case in which N
corresponds to its Eulerian critical load and the case in which N corresponds
to its compression failure load. In the first case we determine the minimum
buckling (non-dimensional) mass
µb = µb(a, b) =
mb(aL, bP )
mb(L, P )
= a2
√
b, (34)
whereas in the second case, using (2), the minimum material failure mass is
given by
µy = µy(a, b) =
my(aL, bP )
mb(L, P )
=
my(L, P )
mb(L, P )
my(aL, bP )
my(L, P )
= χab. (35)
Thus the optimal mass is
µ = µ(a, b) = max{µb(a, b);µy(a, b)} = max{a2
√
b;χab}. (36)
Moreover the minimum mass of a cable with length l = aL, carrying a trac-
tion force T = bP , is assigned by µy(a, b) and of course, the non-dimensional
mass (with respect to mb(L, P )) of the order one tensegrity is the sum of the
non-dimensional masses of all its members.
2.2. Higher Order tensegrity columns
The tensegrity column of order 2 is obtained (see Fig.1c) by replacing
in the order 1 tensegrity each strut by a geometrically similar tensegrity of
order 1, carrying the same compressive force. By reiterating this process
we obtain the n-th order tensegrity. At the generic step i (0 < i ≤ n) the
complexity is increased from i − 1 to i by replacing each strut with a new
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T-bar of the same length, carrying the same force. Since each new T-bar is
composed by 4 struts and 4 cable, at the step i new 4i struts are introduced
and 4i−1 struts are removed. Further, 4i cables are added to the preexisting
41 + .....+ 4i−1 cables.
We assume that in all T-bars the prestress state is described by the same
parameter β, so that at the complexity n all struts and cables of equal length
carry equal axial forces. We remark that in this generation process each strut
is replaced by two half length struts having the same direction and carrying
an axial force increased by a factor β and by two struts, whose length is
scaled by a factor tanα
2
, orthogonal to the original strut and carrying axial
forces scaled by a factor (β − 1) tanα.
We can consider a partition of the set of struts in subsets denoted by
two indexes: the first one is the complexity n; the second index i denotes
the number of steps in the above described generation process in which the
generated strut has not changed its direction. In other words the direction of
the strus has been changed with respect to the removed strut (from horizontal
to vertical and vice versa) n− i times. Thus the subset (n, i) contains 2n(n
i
)
bars of lengths ln,i = an,iL, carrying the compression forces Nn,i = bn,iP ,
where  an,i =
( 1
2i
)(tanα
2
)n−i
=
tanαn−i
2n
bn,i = β
i((β − 1) tanα)n−i
i = 0, 1, ...., n. (37)
In the same way, the subsets of cables having the same length and carrying
the same traction force can be identified by two indexes j and k. In particular
j (1 ≤ j ≤ n) denotes the step at which the subset has been introduced; the
second index k (0 ≤ k ≤ j − 1) denotes the strut lj−1,k replaced by the new
T-bar. Then, in the tensegrity of complexity n we have
4
n∑
j=1
2j−1
j−1∑
k=0
(
j − 1
k
)
cables of length sj,k = cj,kL, carrying the traction force Tj,k = dj,kP , where:
cj,k =
1
2 cosα
lj−1,k
L
=
1
2 cosα
(tanα)j−k−1
2j−1
=
(tanα)j−k
2j sinα
(38)
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and
dj,k =
β − 1
2 cosα
Nj−1,k
P
=
β − 1
2 cosα
βk( (β−1) tanα )j−1−k = β
k( (β − 1) tanα )j−k
2 sinα
(39)
j = 1, ...., n, k = 0, 1, ...., j − 1.
We are now in position to evaluate the relative mass of the order n tenseg-
rity µn, which can be written as
µn = µ
s
n + µ
b
n, (40)
where µsn is the total mass of the cables and µ
b
n is the total (relative) mass
of the bars. In particular, in view of (35), the contribution µsn is given by
µsn = 4
n∑
j=1
2j−1
j−1∑
k=0
(
j−1
k
)
µy(cj,k, dj,k)
= 4χ
n∑
j=1
2j−1
j−1∑
k=0
(
j−1
k
)(tanα)j−k
2j sinα
((β − 1) tanα)j−kβk
2 sinα
= χ(β − 1)(tan2 α + 1)
n∑
j=1
[β + (β − 1) tan2 α]j−1
= χ(β − 1)(tan2 α + 1)((β − 1) tanα
2 + β)n − 1
(β − 1)(tan2 α + 1)
= χ(tn − 1),
(41)
where
t = (β − 1) tanα2 + β > 1. (42)
Regarding the optimal mass of the struts we have to consider both buck-
ling and failure by extending the approach in [3]. As a result one can de-
termine the optimal complexity at assigned load P . In this paper we are
interested in the limit of vanishing load and we now show that in this case
the failure of the struts is always due to local buckling.
To this end, in view of (3) and (4), we note that at the complexity n
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every group ln,i of struts undergo elastic buckling if and only if
χ(ln,i, Nn,i) =
1
yξ ln,i
√
Nn,i
E
=
(√
bn,i
an,i
)
1
yξ L
√
P
E
≤ 1 i = 0, 1, ..., n.
(43)
So that, by (37) and (4), we have buckling failure in all struts if
1
yξ L
√
P
E
≤ min
i=0,1,...,n
{
an,i√
bn,i
}
= min
i=0,1,...,n
 1(2√β)n
(√
β tanα
β − 1
)n−i
=
(
q
2
√
β
)n
,
(44)
where  q = min {q¯, 1}q¯ := √β tanα
β−1
. (45)
Notice that (44) can be equivalently written as
n ≤ cf := log(1/χ)
log
(
2
√
β
q
) . (46)
That is, if n ≤ cf the failure of bars occurs only for buckling. Since
limχ→0 cf = +∞ we obtain the announced result.
A further simplification is obtained if we note that if
q¯ =
√
β tanα
β − 1 > 1 (47)
the first group of struts undergoing material failure (with index i = n) is
constituted by the struts laying on the horizontal axis of the tensegrity. This
result is at the base of the simplified treatment of Section1.
If instead q¯ < 1 the first group undergoing material failure has index
i = 0, that in the case here considered (α ≤ pi/4) is constituted by the struts
with the smallest length. In the special case q¯ = 1 all struts simultaneously
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undergo material failure.
Now, under the assumption n ≤ cf , in view of (34), the relative mass of
the struts µbn is given by
µbn = 2
n
n∑
i=0
(
n
i
)
µ(an,i, bn,i)
= 2n
n∑
i=0
(
n
i
)tanα2(n−i)
22n
√
((β − 1) tanα)n−i βi = pn
(48)
where
p =
√
β +
√
(β − 1) tan5 α
2
. (49)
3. Optimization and fractal limit
Now, our aim is to minimize the relative mass µn of the tensegrity under
the global stability constraint. Then, assuming (40) and (76), we study the
problem
min {µn(β) |K  0} . (50)
For any fixed n ∈ N, in view of (87), the optimization problem (50) reduces
to
min
{
µn(β) | β ≥ β̂
}
. (51)
Since, by (40), (41), (48), µn is an increasing function of the prestrecthing
parameter β, the minimum in (51) is attained in correspondence of β =
β̂. The optimum is then characterized by the contemporary attainment of
instability at all the scales. Moreover it is possible to show that introducing
multiple independent prestress parameters, does not allow any further mass
reduction. Therefore the adoption of a single prestress parameter, while
greatly simplifying the formulation, does not restrict our result.
The solution of (51) depends through (87) on the geometric parameter
tanα and the (small) material parameter y. For the sake of simplicity, we
limit our analysis to the following (realistic for typical values of ) range of
the geometric parameter tanα:√

1− 2 = t0() ≤ tanα ≤ 1, (52)
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corresponding, using (87), to the following range of the optimal prestress:
+ 1
1−  ≤ β̂ ≤ 2. (53)
Regarding the optimization with respect to the complexity n we first recall
that under the condition (52) we have that p < 1 (see (15)), as numerically
shown in Fig.6. This is a necessary condition to have a decreasing mass (40)
with increasing complexity n.
Moreover in this section we study the important limit case of vanishing
external load, namely χ → 0 (or equivalently L → ∞). Hence, in view of
(13), we have to study the limit case n→∞.
Finally notice that the stability analysis developed in the previous Sec-
tion 3.2 is based on the hypothesis that all struts undergo buckling before
material failure, and this holds until n ≤ cf . Here we limit our analysis to the
suboptimal complexity n̂ = cf . Of course, since we will show the fractality of
the suboptimal solution, this result can be extended to the, possibly lower,
optimal mass.
3.1. Limit relative mass
First we observe that in the limit of infinite complexity, by (48) and (41),
we have that the non dimensional mass µ attains the limit value
µ̂∞ = lim
n→∞
µn ( χ̂(n) )
= lim
n→∞
 pn +
 q t
2
√
β̂
n −
 q
2
√
β̂
n 
= lim
n→∞
pn
1 +
 q t
2p
√
β̂
n −
 q
2p
√
β̂
n  ,
(54)
where, χ̂ is the inverse function of n 7→ cf (χ) in (13).
To study (54), we are going to prove that the following inequality holds
true:
q t
2p
√
β̂
≤ 1, (55)
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Figure 6: p, q t
2
√
βˆ
plotted versus tanα for different values of the material parameter 
(notice that, since t > 1, the previous inequality implies
q
2p
√
β̂
< 1). Indeed,
in view of (49) and (42), Eq. (55) is equivalent to√
β̂(β̂ − 1) tan5 α ≥ q(β̂ − 1) tan2 α + β̂(q − 1). (56)
Since, by (45), β̂(q − 1) ≤ 0, then the above condition (56) is satisfied if
β tanα
(β − 1) > q
2. (57)
Finally, by using again (45), we get that (57) is always satisfied.
In Fig.6 the quantities p, q t
2
√
β
are plotted in the range t0() < tanα ≤ 1,
for different values of the material parameter . Notice that p < 1 for all the
values of ε here considered. Then (54) and (55) entail to conclude µ̂∞ = 0.
This shows that in this limit case the optimal tensegrity is ‘infinitely more
efficient’ than the continuum optimal column having the same span and
carrying the same load. It is worth noticing that in the special case q¯ = 1
the inequalities (55) and (56) are strictly satisfied (the two terms are equal).
Thus we may conclude that, in the limit case of very small load or very large
span, for q¯ 6= 1 the mass of the optimal tensegrity is given only by the struts,
whereas for q¯ = 1 the masses of struts and cables are equal.
In Fig.7 the optimal relative mass µ̂n is plotted versus the complexity n
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Figure 7: µ̂n plotted versus the complexity n for different values of the geometrical
parameter tanα. Here we assumed  = 0.001.
for different values of tanα. The figure shows the power law relation with
the relative mass decreasing as the complexity increases.
3.2. Limit dimension
We continue our analysis by showing that in the limit case of infinite
complexity the optimal tensegrity has a fractal dimension D < 3. To this
end the tensegrity is considered as the union of cylindrical subsets of R3
occupying, at every complexity n ∈ N, the region Ωn ⊂ R3. Following [9]
(Section 3.1), we recall that the (box-counting) dimension of any set Ω is
given by
dimB Ω = lim
δ→0
log(N(δ))
− log(δ) . (58)
Here N(δ) is the number of elements in the smallest set of cubes of side δ
that covers the set of both bars and cables.
In order to apply (58), first we show that, at any order of complexity,
all bars and cables are slender cylinders, e.g. the diameters of their cross
sections are always much smaller than their lengths. To this end we note
that, since all sections have the same shape, the diameter δn,i of a generic
section can be written as δn,i = γ
√
An,i, where γ depends on the shape of
the section. Then, for a generic bar we can write (see (84))(
δn,i
ln,i
)2
= γ2
An,i
l2n,i
= γ2ξ
√
Nn,i
E l2n,i
= ξ
√
φn,i  1. (59)
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A similar equation can be written for the cables.
Consider now separately the sections of the bars and of the cables in
order to determine the smallest cross section and fix δ as a submultiple of its
diameter
δ = min{δs, δc}, (60)
where
δs =
γ
m
√
min
i=0,1,...,n
{Asn,i} (61)
δc =
γ
m
√
min
j=1,....,n
k=0,1,....,j−1
{Acj,k}, (62)
for a large enough integer m. Here As are the areas of struts section, whereas
Ac are the areas of the cables sections. Thus, by (4)
Asn,i = ξln,i
√
Nn,i
E
= ξLan,i
√
bn,iP
(n)
f
E
=
yξL
2n
(
β̂
(β̂−1) tan3 α
)i/2(√
(β̂ − 1) tan3 α
)n q
2
√
β̂
n , (63)
where, P
(n)
f is the limit load at the given complexity, obtained by the inversion
of (13)
P
(n)
f = EL
2ξ22
2
√
β̂
q
−2n . (64)
Since, by (52) and (53), β̂
(β̂−1) tan3 α > 1, the minimum area of the struts is
Asmin = A
s
n,0. Then, from (45) and (61)
δs =
γ
m
√
yξL
(
q
√
(β̂−1) tan3 α
4
√
β̂
)n/2
= γ
m
√
yξL
(
tanα
2
√
q
q¯
)n
. (65)
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Then, in view of (38), (39) and (4), we can write
Acj,k =
Tj,k
σy
= dj,k
P
(n)
f
Ey
1
2Ey sinα
(
β̂
(β̂ − 1) tanα
)k (
(β̂ − 1) tanα
)j
P
(n)
f ,
(66)
where, by (52) and (53), β̂
(β̂−1) tanα > 1 and (β̂ − 1) tanα < 1. Then we have
that the minimum area of the cables is Acmin = A
c
n,0. Therefore, in view of
(64), we have
δc =
γξ
√
yL
m
√
2 sinα
(
q2
4β̂
(β̂ − 1) tanα
)n/2 γξ√yL
m
√
2 sinα
(
q
q¯
tanα
2
)n
. (67)
Finally, by (60), (65) and (67), we obtain
δ =
γ
m
√
yξL
(
tanα
2
)n(
q
q¯
)n/2
min
{
1,
1√
2 sinα
(
q
q¯
)n/2}
. (68)
Now, in order to apply the definition (58), we determine by (68) the
complexity nδ such that the diameter of the covering is equal to δ:
nδ =

log δ − log
( γ
m
√
yξL
)
log
(
tanα
2
(
q
q¯
)1/2) if q¯ < 1,
log δ − log
(
γLξ
√
y
m
√
2 sinα
)
log
(
tanα
2
(
q
q¯
)) if q¯ ≥ 1.
(69)
Further, we find that the volume V (δ) of the tensegrity at the complexity nδ
23
under the load P
(nδ)
f (see (64)) is
V (δ) =
1
ρ
mb(L, P
(nδ)
f )µnδ
= yξ
2L3
(
q
2
√
β̂
)nδ (
pnδ +
(
q
2
√
β̂
)nδ
(tnδ − 1)
)
= yξ
2L3
(
q p
2
√
β̂
)nδ [
1 +
(
q t
2p
√
β̂
)nδ
−
(
q
2p
√
β̂
)nδ]
.
(70)
To evaluate the limit of log(V (δ)) as δ → 0, we use (55)1, so that, since t > 1,
we get
limδ→0 log(V (δ)) =
log( q p
2
√
β̂
) log(δ)
log
(
tanα
2
(
q
q¯
)η)
=
log
(
q
4
(1 + tan
3 α
q¯
)
)
log(δ)
log
(
tanα
2
(
q
q¯
)η) ,
(71)
where
η =
{
1 if q¯ ≥ 1
1
2
if q¯ < 1.
(72)
For small values of δ, the number of cubes in the set covering all the cylin-
drical members of the tensegrity can be evaluated as (see [9])
N(δ) =
V (δ)
δ3
, (73)
so that, by (58), we have
D = 3− limδ→0 log(V (δ))
log(δ)
= 3−
log
(
q
4
(1 + tan
3 α
q¯
)
)
log
(
tanα
2
(
q
q¯
)η)
=
log
(
2(1 + q¯
tan3 α
)
(
q¯
q
)3η−1)
log
(
2
tanα
(
q¯
q
)η) .
(74)
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Figure 8: Scheme of the global stability. a) Lagrangian variables, b) critical mode.
In Fig.5 we plot the fractal dimension D versus ε and tanα. Notice that
D < 3 for all the values of the parameters tanα and .
Appendix: global stability
In this section we study the global stability problem for the typical tenseg-
rity of complexity n based on an iterative approach. To this end we first show
that the global stability analysis of the n-th complexity tensegrity can be re-
duced to the analysis of an order one tensegrity (T-bar) with generic length
l and generic applied force N . This extends the approach considered in [3]
to the case in the paper when all struts are refined.
To this end consider a T-bar of length l undergoing a force N . We choose
as Lagrangian parameters the generalized node displacements ui (see Fig.8a),
measuring the incremental displacements from the prestressed, loaded con-
figuration. By considering the symmetry properties of the system, these
variables are chosen symmetric or antisymmetric with respect to both the
vertical axes and the horizontal axes.
The total potential energy (set equal to zero in the prestressed loaded
state) can be written as
V (u, N) =
8∑
k=1
[
N (k)∆l(k) +
EA(k)
2
(
∆l(k)
l(k)
)2
l(k)
]
− 2Nu1, (75)
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where
∆l(k) = ||∆x(k) + T (k)u|| − l(k).
Here l(k) are the lengths of the members with area A(k) and ∆l(k) are their
elongations, whereas ∆x(k) and T (k)u are the axial vector in the reference
configuration and the relative incremental displacement vector between the
end joints of the (k)-th bar, respectively.
Our analysis is based on the following assumptions, typical of equilibrium
bifurcation analysis for slender structures:
− we identify the deformed lengths of the bars with the natural ones;
− according with the maximum delay convention (see [14]) that the system
stays in a (metastable) equilibrium configuration until it disappears.
Under these assumption we study the positiveness of the Hessian (tangent
stiffness) matrix
K =
∂2V
∂u∂u
|
u = 0
(76)
which, due to our choice of the Lagrangian variables, is a block diagonal
matrix
K =

Kss
Kas
0
0
Ksa
Kaa
 . (77)
Here Kss, Kas, and Ksa are 2× 2 square matrices whereas Kaa is a scalar.
The double index notation indicates the symmetric (s) and antisymmetric
(a) properties (see Fig.8), with the first index referring to the horizontal axis
and the second index to the vertical axis. In particular, u1 and u2 are s-s
variables, u3 and u4 are a-s variables, u5 and u6 are s-a variables and u7 is
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an a-a variable. Finally, the sub-matrices have the following expressions:
Kss = 2
 (kes − kgs) cos 2α+ keh + kes + kgs (kgs − kes) sin 2α
(kgs − kes) sin 2α (kgs − kes) cos 2α+ kev + kes + kgs

Kas = 2
[
(kgs − kes) cos 2α+ kgh + kes + kgs kgh
kgh kev + kgh
]
Ksa = 2
[
(kes − kgs) cos 2α+ keh + kes + kgs (kes − kgs) cos 2α+ kgs + kes
(kes − kgs) cos 2α+ kgs + kes (kes − kgs) cos 2α+ kgv + kes + kgs
]
Kaa = 2((kes − kgs) cos 2α+ kgv + kes + kgs).
(78)
In order to obtain general results valid for a tensegrity of any complexity
m, in the present analysis we assume that the horizontal bars are equiva-
lent struts, having the same axial elastic stiffness of the internal horizontal
tensegrities of complexity m − 1. In the particular case of a tensegrity of
order m = 1, keh and kgh are the elastic axial stiffness and the geometrical
stiffness of the real horizontal struts
keh =
EA(k)
l(k)
= ξ
√
β E N, k = 1, 2,
kgh =
N (k)
l(k)
= −2βN
l
,
(79)
where A(1) = A(2) = ξ l
2
√
βN
E
. In the general case m > 1 keh and kgh are
the elastic axial stiffness and the geometrical stiffness of the two horizontal
tensegrities of complexity m − 1, having length l/2 and carrying the axial
forces βN .
Moreover, to avoid complications related to the evaluation of the stiffness
keh for any internal complexity m − 1, we determine a lower bound k¯eh to
express keh as keh = δhk¯eh, where δh > 1. To this end, we notice that in the
two horizontal tensegrities of order m− 1 the axial tension σ in all struts is
always lower or equal than σy. Then a lower bound k¯eh can be determined by
considering only the 2m−1 horizontal bars of lengths l
2m
, carrying the axial
forces βmN and by assigning to their cross sections the lowest feasible areas
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βmN
σy
:
k¯eh =
E
(l/2)
(βmN
σy
)
=
2βmN
yl
. (80)
The geometrical stiffness of the two horizontal tensegrities of complexitym−1
is always given by (79).
Similarly to the previous case of horizontal struts, in the particular case of
a tensegrity of order m = 1, in (78) kev and kgv are the elastic axial stiffness
and the geometrical stiffness of the real vertical struts and we have
kev =
EA(k)
l(k)
= ξ
√
(β − 1)EN tanα, k = 3, 4,
kgv =
N (k)
l(k)
= −2(β − 1)N
l
,
(81)
where A(3) = A(4) = ξ l
2 tanα
√
(β−1)N tanα
E
. In the general case kev is the axial
elastic stiffness of the two internal vertical tensegrities of complexity m− 1,
having lengths l tanα
2
and carrying the forces (β − 1)N tanα. As for the
horizontal struts, since it is difficult to find kev for any complexity m, we
will determine a lower bound k¯ev to write kev as kev = δvk¯ev, with δv > 1.
Again, since the axial tension σ in all struts is always lower or equal than σy,
the lower bound k¯ev can be determined by considering only the 2
m−1 vertical
bars of lengths l tanα
2m
, carrying the axial forces (β − 1)βm−1N tanα, and by
assigning to their cross sections the lowest feasible area (β−1)β
m−1N
σy
. Then we
can write
kev = δv
2E
l tanα
βm−1(β − 1)N tanα
σy
= δv
2βm−1(β − 1)N
yl
. (82)
The geometrical stiffness of the two vertical tensegrities of complexity m− 1
is always given by (81).
Finally, in (78) we have denoted by kes and kgs the elastic stiffness and
the geometric stiffness of the cables:
kes =
EA(k)
l(k)
=
E(β − 1)N
σyl
k = 5, 6, 7, 8,
kgs =
N (k)
l(k)
=
(β − 1)N
l
,
(83)
28
where
A(k) =
(β − 1)N
2σy cosα
k = 5, 6, 7, 8
is the cross section area corresponding to material failure. Notice that since
we assume that all cables are prestressed no slackness effects can occur.
In order to analyze the positivness of the tangent stiffness matrix, we
begin by noting that, in view of equations (78) - (83), Kss can be written as
Kss =
2
l (tan2 α+ 1) y
×

ykehl
(
tan2 α+ 1
)
+2N(β − 1) (y tan2 α+ 1) −2N(β − 1)(1− y) tanα
−2N(β − 1)(1− y) tanα
2N(β − 1) (tan2 α+ y)
+ykevl
(
tan2 α+ 1
)
 .
It can be found that the two invariants det(Kss) and tr(Kss) are always
positive, so that also the two eigenvalues λss1 and λss2 associated to this
submatrix are always positive. Now we pass to consider the sub matrix Ksa.
Differently from the previous case, here the positiveness of Ksa depends on
the elastic stiffness keh. In view of equations (78) - (80), we find
tr(Ksa) =
4P
ylδh (tan2 α+ 1)
(
tan2 α+ 1
) ( (
tan2 α+ 1
)
βm + (β − 1) (y tan2 α+ 1)
+ y(β − 1)
(
1 + y
tan2(α)−1
2
))
det(Ksa) =
4N
yl (tan2 α+ 1)
×∣∣∣∣∣∣
δh
(
tan2(α) + 1
) ( (
tan2(α) + 1
)
βm + (β − 1) (y tan2(α) + 1) ) −(β − 1) (y tan2(α) + 1)
−(β − 1) (y tan2(α) + 1) y(β − 1)( 1 + y tan2(α)−12 )
∣∣∣∣∣∣ .
Now, it can be verified that, for small values of  (say for 0 <  ≤ 1), also
in this case the two invariants det(Ksa) and tr(Ksa) are always positive, as
the two eigenvalues λsa1 and λsa2. Finally, it is also straightforward to verify
that the eigenvalue
λaa1 = Kaa =
2N(β − 1)
(
y
(√
tan2 α + 1− 2
)
+ 2
)
yl
√
tan2(α) + 1
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is always positive, for small values of y, say (0 <  ≤ 1).
Differently from the previous cases, the submatrix Kas is not always
definite positive. Then, in order to find the condition under which the equi-
librium is stable, we introduce the parameter
φ =
N
El2
. (84)
As shown in the following (Eq. (90)) in all cases here considered the above
parameter is always small (φ 1). Then, by (78) - (84), we can write
Kas = 4El
√
φ

β(1−y) tan2 α−tan2 α−y
y(tan2(α)+1)
√
φ −β√φ
−β√φ kev
2El
√
φ
− β√φ
 . (85)
In view of the smallness of φ, the two eigenvalues of Kas can be written as λas1 = 4El
(β(1− y) tan2 α− tan2 α− y)
(t2 + 1) y
φ+ o(φ
3
2 )
λas2 = (2kev − 4Elβφ) + o(φ 32 )
. (86)
We can note that λas1 is positive iff
β > β̂ :=
y + tan
2 α
tan2 α (1− y) . (87)
To study the positiveness of the second eigenvalue, we note that, in view of
(87), we can write
λas2 = 4Elβ
(
δv
βm−2(β − 1)

− 1
)
φ+ o(φ
3
2 )
≥ 4Elβ̂
(
δv
β̂m−2(β̂ − 1)
y
− 1
)
φ+ o(φ
3
2 ).
(88)
So that, we recognized that λas2 > 0 for any m ≥ 1.
In conclusion, we obtain that the lowest eigenvalue for a generic T-bar of
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length l and subjected to a load N , is
λas1 =
(
N
El2
)
4El ((β − 1) tan2 α−  (β tan2 α + 1))
 (tan2 α + 1)
+ o
(
N
El2
)
(89)
and it is associated to the critical mode represented in Fig.8b in which the
three joints on the central vertical axis are subjected to the same vertical
displacement u3. Thus, using (89), we deduce that the T-Bar is stable iff
(87) holds.
The generalization to the case of generic complexity n is based on the two
following observations. First we remark that the above stability results do
not depend on the elastic axial stiffness of the equivalent struts. Second we
remark that, while the generalized stiffness λas1 (with respect the generalized
displacement u3) given by (89) depends on the length l and the external load
N of the T-Bar, the stability condition (87) is independent by these quanti-
ties. Thus, to complete our analysis, consider first the order two tensegrity.
The stability of the four T-bars, of length l1,1 and l1,0 (see Fig.1c) subjected to
the forces N1,1 and N1,0 respectively, is ensured by inequality (87). Then, the
global stability of the order 2 tensegrity can be analyzed by substituting the
four T-bars by equivalent struts with identical elastic stiffnesses. As shown
in the previous subsection also in this case (87) is the stability condition.
The stability of the tensegrity of order n is simply obtained by reiter-
ating this approach. As a consequence, the global stability at any order of
complexity is always ensured by the relation (87).
Finally, we notice that, if n ≤ cf , the condition φ 1 is always satisfied
at any order of complexity. To this end, we consider the struts ln,i in the
tensegrity of complexity n. With reference to these struts, in view of (4), we
can write:
φn,i =
Nn,i
El2n,i
=
(
ξyχ(ln,i, Nn,i)
)2  1 for all n ≥ 1, i = 0, 1, ...., n. (90)
So that, by (43) the condition (90) is always satisfied.
We conclude the present analysis by noting that the condition β > β̂ en-
sures the stability of the tensegrity, whereas β = β̂ yields to the simultaneous
attainment of critical equilibrium at any order of complexity.
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